Abstract. In this paper we study the problem of the diffusion of one substance through the pores of a porous multi layered material which may absorb and immobilize some of the diffusing substances with the evolution or absorption of heat. As an example we consider circular cross section wood-block with two layers in the radial direction. We consider the transfer of heat process. We derive the system of two partial differential equations (PDEs) -one expressing the rate of change of concentration of water vapour in the air spaces and the other -the rate of change of temperature in every layer. The approximation of corresponding initial boundary value problem of the system of PDEs is based on the conservative averaging method (CAM) with special integral splines. This procedure allows reduce the 3-D axis-symmetrical transfer problem in multi-layered domain described by a system of PDEs to initial value problem for a system of ordinary differential equations (ODEs) of the first order.
Introduction
The task of sufficient accuracy numerical simulation of quick solution 3-D problems for mathematical physics in multi-layered media is important in the known areas of the applied sciences. With regard to the numerical analysis several numerical methods are known for solving 3-D problems: FEM, BEM, spectral methods, multigrids and others methods. For simple engineering calculations conservative averaging method (CAM) with special integral hyperbolic type splines is chosed.
CAM by using integral parabolic type splines was developed by A. Buikis in his Doctoral Thesis [3] (in the Russian language and [5] ) and in several papers [4] , [1] etc. These methods were applied to create the mathematical simulation of the mass transfer 3-D initial boundary-value problems for parabolic type partial differential equations of second order with piece-wise coefficients in multi-layered underground systems.
In this paper the special spline with two different functions of the hyperbolic type, which interpolate middle integral values of piece-wise smooth function, is used (see [5] , [9] , [2] , [10] , [11] ). With the help of these splines the problems of mathematical physics in 3-D with piece-wise coefficients with respect to one coordinate are reduced to problems for system of PDEs in 2-D and 1-D. If the parameters of the hyperbolic type spline tend to zero, we get the integral parabolic spline, obtained from A. Buikis .
The study of hydrodynamic flow and heat transfer through a porous media becomes much more interesting due to its vast applications for many decades [15] , [17] , [20] , [19] , [6] , [7] , [8] , [18] . In [19] is considered numerical algorithms for modelling of liquid polymer injection, so that the liquid polymer is flowing through a porous medium. Many mathematical models are developed for the analysis of such processes example mathematical models of moisture movement in wood, when the wood is considered as porous media [13] , [14] and [12] .
In [13] it is described the moisture movement process in the wood. In the model it is assumed that there is a moisture exchange between two environments and diffusion and convection processes are determining the moisture movement in the wood cells. In this paper we study the linear heat and moisture transfer processes in the porous multilayered media layer by using CAM with special integral splines. In one layer similar process is analysed and decribed in [15] , [16] .
The mathematical model
The process of diffusion is considered in 3-D domain
The domain Ω consist of multilayer medium in the r direction. We will consider the non-stationary axisymmetrical problem of the linear diffusion theory for multilayered piece-wise homogenous materials of N layers in the sub domain
where H i = r i − r i−1 is the height of layer Ω i , r 0 = 0, r N = R.
We shall further assume linear dependence on both temperature and moisture content in every layer [15] 
where C i (r, z, t) is the concentration of water vapour in the air spaces, M i is the amount of moisture absorbed by unit mass of fibre, σ i and ω i are constants. We can derive two equations, one expressing the rate of change of concentration and the other -the rate of change of temperature. The water vapour diffusion PDEs in the cylindrical coordinates is in following form
where D ir , D iz are the diffusion coefficients for moisture in air, m i are the fraction of the total volume of the material occupied by air and 1 − m i is the fraction of the porous material occupied by fibre of density ρ s , t is the time. If m i = 1, then the equation is diffusion equation for the concentration without fibres.
The heat diffusion PDEs can be rewritten in the following form:
where c i are the specific heat of the fibres, K ir , K iz , ρ i are the heat conductivities and the densities of the porous material, q i is the heat evolved when the water vapour is absorbed by the fibres. We assume that all coefficients in the PDEs are assumed constant and independent of moisture concentration and temperature. By eliminating M i from (2.1), we obtain the system of two PDEs
where
For the initial condition for t = 0 we give
We use following boundary and continuous conditions:
where Q i = Q i (r, z, t), Q = (T ; C) are the solutions in every layer, T ar , T az , C ar , C az are the given temperature and concentration on the boundary. This problem for the system of PDEs is uniquely solvable and stable for λ i ≥ 0, ν i ≥ 0, λ i × ν i < 1, because then the system (2.2) can be represented in the following way:
where W i = (T i , C i ) is 2-order column-vector and
are matrices with positive eigenvalues.
The conservative averaging method in z-direction
We consider CAM of the special integral splines with hyperbolic trigonometrical functions for solving the 3-D initial boundary-value problem in z-direction [10] . This procedure allows reducing the 2-D problem in r, z-directions to a 1D problem in r-direction. Using CAM in z-direction with parameters a iz we have
. The parameters a iz can be choosen to minimize the maximal error. As the parameters a iz > 0 tends to zero then as the limit we obtain the integral parabolic spline [2] , because
The unknown functions m i = m 
Now the 1D initial-value problem (2.2) is in the following form
The aprobation of the hyperbolic approximation in zdirection
In this section we consider averaging methods with hyperbolic type splines for solving special 3-D boundary-value problem in one layer. For multi-layered domains the accuracy of spline method remained, because of the continuous conditions are fulfilled exactly.
With the help of these splines is reducing the 3-D problem in z-direction to 1-D problem for ODEs. This procedure allows the solution obtained analytically. The spline solution is compared with the analytical solution. We consider the process of diffusion in 3-D parallelepiped
We will find the distribution of stationary concentrations c = c(x, y, z) in Ω 1 by solving the following special 3-D boundary value problem for PDE: , where the function g(z) is solution of boundary value problem for following ODEs
Next we use the averaged method for (4.2) with fixed parametrical functions
If the parameters a z tend to zero then the limit is the integral parabolic spline [4] . The unknown coefficients m, e we can determine from boundary conditions (4.2):
. Now the-boundary value problem (4.2) can be written in the form
, where the a e and g e are given constants. 
We have following maximal errors: for hyperbolic spline er h = 2.10 −9 , for parabolic er p = 0.9653 (see g(z) in Figure 1a and c(x, 0, z) in Figure 1b) . If D y = 0, y = 0, then er h = 8.10 −8 , er p = 1.0423.
The aprobation of the hyperbolic approximation in rdirection
The process of diffusion is considered in 3-D cylinder
We solve the stationary boundary value problem with axial symmetry and find the distribution of concentrations c = c(r, z) in Ω 2 by solving the following special boundary value problem for PDE:
where f 0 , c a -are the fixed constants, D r , D z are the diffusion coefficients, α r is the constant mass transfer coefficient. We can obtaine the analytical solution of (5.1) in following form: c(r, z) = g(r) cos(πz/2L z ), where the function g(r) is solution of boundary value problem for ODE
. We have following solutions
a0I1(a0R)+αI0(a0R) , I 0 , I 1 are the modified Bessel functions. Next we use the averaged method for (5.2) with fixed parametrical functions
is the averaged value,
, A 0 = sinh(a r R/2)/(a r R/2), d = Ra r /2 coth(a r R/2), a r = a 0 + kor, kor is the correction for optimal parameter. The unknown correction kor can be obtained with Matlab using the operators "fminbnd, fplot" by minimizing the integrals
We can see that the parameters a r tend to zero then the limit is the integral parabolic spline. The unknown coefficients m, e can be determined from boundary conditions (3.1):
1) for r = 0, md r − ek = 0, 2) for r = R, md r + ek + α(g a + mb m + eb e − c a ), where k = (a r /4) coth(a r R/4), d r = 0.5Rda Figure 2a and c(r, z) in Figure 2b ). 
CAM in r-direction for N -layers
Using averaged method with parameters a Q ir we have
where Q ivv (t) = 
We can see that if parameters a Q ir > 0 tend to zero, then the limit is the integral parabolic spline:
.
From boundary conditions (2.3) we get the linear system of 2N -equations for determination unknown functions
Now the 1D initial-value problem (3.1) gives the following ODEs system:
(6.1)
CAM for two layers
For N = 2 we get from (6.1) the following ODE initial-value problem:
where b Q ik , k = 1, 2, Q i0 , i = 1, 2, Q = (T, C) are known coefficients. We rewrite the system of ODEs (7.2) in the following vector form:
where W (t), W 0 , F are 4th order vector-columns with elements (T 1vv (t), T 2vv (t), C 1vv (t), C 2vv (t)), (T 0 , T 0 , C 0 , C 0 ) and λ2ν2) . A is the 4-order matrix
, where i = 1, 2, Q = (T, C).
The conservative averaging method for model equations
In order to apply the averaging method in 2 layers in r-direction and estimate the parameter a ir = a T ir we consider the stationary 1-D boundary-value problem (3.1) only for temperature T = T (r) with ν = 0,
The unknown constants are obtained from BCs (I 0 (r) = I 1 (r), K 0 (r) = −K 1 (r)):
Here I 0 , K 0 , I 1 , K 1 are the modified Bessel functions. With hyperbolic averaging method in two layers we have:
,
, d i = 0.5H i a ir coth(0.5a ir H i ). The unknown parameters are a ir = a i + kor i , where kor i , i = 1, 2 are the corrections for the minimal error.
The unknown constants T iv can be determined from stationary equations (7.1) for i = 1, 2 by solving the system of linear equations with respect to T 1v , T 2v . The unknown corrections can be obtained with Matlab using the operators "fminsearch, contour" by minimizing the integrals For one layer we have:
The unknown correction kor can be obtained with Matlab using the operators "fminbnd, fplot" by minimizing the integrals I 2 (kor) = see Figure 4b .
In Figs. 5a , 5b we present the spline functions f 1 (r) = f ir1 (r), f 2 (r) = f ir2 (r) for i = 1, r i = R/2, R = 1 with a = a ir ∈ [0, 25]. 
Some numerical results
The results of calculations are obtained by MATLAB. We use the discrete values r j = jh r , j = 0,
We consider the drying process in the two laered wood-block (see Figure 6b ). 
The results of calculation for λ = 0, ν = 1, a 1z = 10, a 2z = 1 are represented in the Table 1 and Figs. (7a)-(8a) , where M C v , M C are the maximal values of concentration C v , C and mC 1vv , mC 2vv are the minimal value of averaged concentration C 1vv , C 2vv in every layers, obtained in the time moment t f . For t f = 30000 these values are equal to 10 −5 . For increasing λ the concentration of water vapour in the air spaces can be increased (see Table 1 ). In following Table 2 we can see the depending mC 1vv , mC 2vv , In the Table 3 are given maximal and minimal values of temperature and concentration M T , mT , M C, mC. We see that if parameter λ is increased, then inside the layers the concentration of water vapour in the air spaces is also increased. 
Conclusions
For the transfer of moisture content and heat in porous multi-layered 3-D domain is considered the system of two PDEs for determination the concentration C of water vapour in the air spaces and the temperature T . The approximation of corresponding initial boundary-value problem of the system of PDEs is based on the conservative averaging method (CAM), where is used with new hyperbolic type splines. For these splines the best parameter for the minimal error is calculated.
For the stationary 1D boundary value problem in one and two layers the spline parameters for error corrections are caculated with minimizing method using Matlab.
The problem of the system of PDEs with constant coefficients are reduced to the initial value problem of a system of ODEs of the first order. Such a procedure allows us to obtain analytical solution with a simple engineering algorithm for mass transfer equations for different substances in layered domain. It is possible to model round and angular wood-blocks and give some new physical conclusions about the drying an also about moistening processes in this blocks.
